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Twins travelling at constant relative velocity will each see the other’s time dilate leading to the
apparent paradox that each twin believes the other ages more slowly. In a finite space, the twins
can both be on inertial, periodic orbits so that they have the opportunity to compare their ages
when their paths cross. As we show, they will agree on their respective ages and avoid the paradox.
The resolution relies on the selection of a preferred frame singled out by the topology of the space.
The twin paradox in special relativity has a simple for-
mulation and resolution in infinite flat space. One twin
remains on Earth while the other moves at constant ve-
locity in a spaceship to a distant planet, turns around and
returns home to Earth. Each twin believes the other’s
clock runs slower and so the paradox arises that each be-
lieves the other should be younger at their reunion. The
paradox is resolved since the twin in the spaceship had to
slow down, stop at the distant planet, turn around, and
accelerate to constant velocity before returning to Earth.
Therefore the travelling twin was not always in an iner-
tial frame and special relativity is not contradicted by
the realization that the twin who left Earth is younger
than her sibling at the time of their reunion.
In a compact space, the paradox is more complicated.
If the travelling twin is on a periodic orbit, she can remain
in an inertial frame for all time as she travels around the
compact space, never stopping or turning. Since both
twins are inertial, both should see the other suffer a time
dilation. The paradox again arises that both will believe
the other to be younger when the twin in the rocket flies
by. The twin paradox can be resolved in compact space
and we will show that the twin in the rocket is in fact
younger than her sibling after a complete transit around
the compact space. The resolution hinges on the exis-
tence of a preferred frame introduced by the topology,
one consequence of which is the inability of the twin in
the rocket to synchronize her clocks [1,2]. While other au-
thors have come to similar conclusions [1–3], the present
discussion offers a completely general solution and does
not rely on any specific topology. We also make use of
the modern language of topology which has recently seen
application in cosmology [4].
The manifold of special relativity is R ⊗M where R
represents the time direction and M = R3 is a flat 3D
infinite space. The flat spacetime metric is the familiar
ds2 = gµνdx
µdxν (1.1)
with gµν = diag(−1, 1, 1, 1) and
xµ =


t
x
y
z

 . (1.2)
The spacetime is invariant under the action of the
Poincare´ group, which contains translations, rotations,
and the Lorentz transformations representing relative
motion at constant velocity. The isometries can be rep-
resented as O(3, 1) matrices. We consider special rela-
tivity in a compact 3-manifold Mc = R ⊗M/Γ. The
elements φ ∈ Γ act discretely, without fixed points, and
are a subset of the full isometry group. The group Γ can
be thought of as the set of instructions for compactify-
ing the space. All multiconnected, flat topologies can be
constructed from either a parallelepiped or a hexagonal
prism with opposite sides identified according to the rules
given by the elements φ ∈ Γ [5–8].
It is advantageous to embed the (3 + 1)-dimensional
spacetime in a (4 + 1)-dimensional Minkowski spacetime
with the fourth spatial coordinate fixed. Specifically, the
(3 + 1)-dimensional coordinate (1.2) is replaced with the
(4 + 1)-dimensional coordinate
xa =


t
x
y
z
q

 (1.3)
where q is fixed at unity as in fig. 1. We will let
Greek indices run over 0, 1, 2, 3 and Latin indices run over
0, 1, 2, 3, 4.
q=1
q
y
x
FIG. 1. The embedding of (3 + 1)-Minkowski space into
(4+ 1)-Minkowski space. The (t, z) directions are suppressed
so that the manifold appears as an infinite sheet fixed at q = 1.
In this coordinate system the generators can be rep-
resented as 5 × 5 matrices. For instance, the genera-
tor which effects the identification of a point (t, x, y, z, q)
with the point (t, x+ Lx, y, z, q) can be written as [9]
1
Tx =


1 0 0 0 0
0 1 0 0 Lx
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 (1.4)
so that the boundary condition can be expressed as x→
Txx, which generalizes to
xa → φabx
b (1.5)
for each φ ∈ Γ. As an illustration, the hypertorus is con-
structed by gluing opposite faces of the parallelepiped.
The elements of Γ are Tx of eqn (1.4) and
Ty =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 Ly
0 0 0 1 0
0 0 0 0 1

 , Tz =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 Lz
0 0 0 0 1

 .
Another allowed compact topology is one that first twists
the z-faces through pi before identification. The elements
of Γ for the twisted space are Tx, Ty, Rz(pi)Tz with Rz(θ)
the rotation matrix:
Rz(θ) =


1 0 0 0 0
0 cos θ sin θ 0 0
0 − sin θ cos θ 0 0
0 0 0 1 0
0 0 0 0 1

 . (1.6)
All of the multiconnected, flat topologies can be built out
of a combination of these translations and rotations.
Periodic orbits are of particular interest since an ob-
server on a periodic orbit can remain inertial. A periodic
orbit can be described by the holonomies, φ ∈ Γ, which
map the end-point of the orbit to the starting point of the
orbit. In other words, a periodic orbit has xend = φxstart
where φ can be a composite word φ =
∏n
i φki . Each
word has a corresponding periodic orbit. For example,
consider the periodic orbit of Fig. 2 in the hypertorus.
For this orbit we have xend = TyT
2
xxstart.
D
∆
∆y
x
FIG. 2. The compact hypertorus can be represented as an
identified parallelepiped. Alternatively, the compact topology
can be represented by tiling flat space with identical copies
of the fundamental parallelepiped. In the tiling picture above
only the (x, y) directions are shown. A particular periodic
orbit is drawn which corresponds to xend = TyT
2
xxstart.
Suppose the space is compactified so that with respect
to an observer S, only spatial points are identified. In
the coordinate system at rest with respect to S, all of
the holonomies have φ0a = 1. S’s twin, H, takes a rocket
ride around the compact space, travelling always with
constant velocity, never turning, slowing or speeding up
(Fig. 3). A coordinate system at rest with respect to H
is given by x¯ = Λx with Λ the Lorentz transformation.
In (4 + 1) dimensions we can represent the most general
Lorentz transformation as
Λ =


γ −γβx −γβy −γβz 0
−γβx 1 +
(γ−1)β2x
β2
(γ−1)βxβy
β2
(γ−1)βxβz
β2
0
−γβy
(γ−1)βxβy
β2
1 +
(γ−1)β2y
β2
(γ−1)βyβz
β2
0
−γβz
(γ−1)βxβz
β2
(γ−1)βyβz
β2
1 +
(γ−1)β2z
β2
0
0 0 0 0 1


where the βi are the velocities of the boosts in the
(x, y, z, q) directions, β2 =
∑
i β
2
i , and γ = 1/
√
1− β2.
The velocity in the q direction is understood to be zero.
H
S
FIG. 3. S stays on Earth while H travels on the periodic
orbit of Fig. 2.
S sees H travel a distance D before passing overhead.
During one orbital period, S’s clock advances a time
∆t = D/β . (1.7)
However, S will believe H’s clock runs slower by the factor
∆t¯ = ∆t/γ (1.8)
and so expects H’s clock to advance by
∆t¯ = D/(γβ) . (1.9)
H is therefore younger than S when their paths coincide.
There is no paradox since H will agree that in fact she
is younger than her twin. According to H, both space and
time points have been identified. As a result it becomes
impossible for H to synchronize her clocks [1]. H must
be on a periodic orbit to remain inertial. Let H be on a
periodic orbit corresponding to the composite word φ so
the boundary condition (1.5) becomes x¯ = Λx → Λφx.
The lack of synchronicity will be given by the time com-
ponent of Λ(1− φ)x or explicitly
δt¯ = (γt− γβixj)− (γt− γβ
iφjixj)
= −γβi(xi − φ
j
ixj) (1.10)
2
with i = 1, 2, 3, 4 and the vector βi = (βx, βy, βz, 0), while
xi = (x, y, z, q). The distance travelled as measured by S
is D2 = ∆xa∆xa or
D =
√
(xi − φ
j
ixj)(x
i − φijx
j) (1.11)
and
(xi − φ
j
ixj) = Dβi/β (1.12)
so that H’s clocks are out of synchronization by a factor
δt¯ = −γβD . (1.13)
H sees her twin S move away from her in the opposite
direction only to return after travelling a distance γD.
With the additional time offset of eqn (1.13) due to the
compact topology, H’s clock must read
∆t¯ = γD/β − γβD = D/(γβ) (1.14)
in agreement with (1.9). Both twins agree that H is
younger than S [10].
Notice that ultimately the age difference between the
twins is independent of topology except through the dis-
tance D. For the orbit of Fig. 2, for instance, φ = TyT
2
x
and eqn. (1.11) gives D =
√
2L2x + L
2
y.
The previous example can be recast in a more physi-
cal, less abstract discussion. What the above formalism
shows is that only one reference frame can be at rest with
respect to the compact spatial sections. All other iner-
tial observers in relative motion live in a universe where
both space and time points are identified. In the exam-
ple given around eqns. (1.7)-(1.14), twin S is at rest in a
flat torus and H moves inertially along a periodic orbit.
Suppose H is initially unaware that spacetime is com-
pact. In order to properly perform any experiments, H
has to equip her reference frame with a full system of
rulers and clocks. She can set up a system of observers
one by one trying to synchronize their clocks by exchang-
ing information with a lightbeam. Somewhere along the
way however H will receive her own message telling her
to reset her clock by the amount γβD. She will be out
of synch with her own attempts to synchronize. That is,
observers at the same spacetime point can have clocks
that read different times. H will know that any mea-
surements made in this frame are ambiguous by the time
shift.
The twin paradox shows that the compact topology
identifies a preferred frame, namely the frame in which
the length along a given side is shortest, a point empha-
sized in Refs. [1] (see also Refs. [2]). To generalize the
effect to curved space, Λ can be replaced by an appro-
priate diffeomorphism and the spacetime topology gen-
eralizes to Mc = R ⊗M
U/Γ where the universal cover,
MU is a curved, simply connected manifold. Multicon-
nected cosmologies challenge the Copernican Principle.
A compact topology selects a preferred place and a pre-
ferred time so that some galaxy, if not our own, is at the
center of the universe. Some observers are also uniquely
able to synchronize their clocks and observe the smallest
volume for the universe.
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